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Abstract 



For non-flat universe of k ^ 0, we investigate a model of the interacting holographic 
dark energy with cold dark matter (CDM). There exists a mixture of two components 
arisen from decaying of the holographic dark energy into CDM. In this case we use the 
effective equations of state (uf 1 , u^f) instead of the native equations of state (Lj\,iJ m ). 
Consequently, we show that interacting holographic energy models in non-flat universe 
cannot accommodate a transition from the dark energy to the phantom regime. 
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1 Introduction 



Recent observations from Supernova (SN la) [Tj and large scale structure [2] imply that our 
universe is accelerating. Also cosmic microwave background observations [31 H] provide an 
evidence for the present acceleration. A combined analysis of cosmological observations 
shows that the present universe consists of 70% dark energy and 30% dust matter including 
CDM and baryons. 

Although there exist a number of dark energy models, a promising candidate is the 
cosmological constant. However, one has the two famous cosmological constant problems: 
the fine-tuning and coincidence problems. In order to solve these problems, we need a 
dynamical cosmological constant model derived by the holographic principle. The authors 
in [5] showed that in quantum field theory, the UV cutoff A could be related to the IR 
cutoff La due to the limit set by introducing a black hole (the effects of gravity). In other 
words, if pa = A 4 is the vacuum energy density caused by the UV cutoff, the total energy 
of system with the size L\ should not exceed the mass of the black hole with the same 
size La: L a pa < 2M^L\. If the largest cutoff La is chosen to be the one saturating this 
inequality, the holographic energy density is given by p\ = 3c 2 Mp/8iiL\ with a constant 
c > 1. The lower limit of c is protected by the entropy bound. Here we regard pa as 
a dynamical cosmological constant. Taking La as the size of the present universe, the 
resulting energy is close to the present dark energy [6]. However, this approach with 
La = 1/H is not complete because it fails to recover the equation of state (EoS) for the 
dark energy-dominated universe [TJ. Further studies in [81 [9J [101 [11] have shown that 
choosing the future event horizon as the IR cutoff leads to an accelerating universe with 
UA = -1/3 - 2VHI/3C. 

On the other hand, the interacting dark energy models provided a new direction to 
understand the dark energy [121 EH EH]- The authors in [15] introduced an interacting 
holographic dark energy model where an interaction exists between holographic energy 
and CDM. They derived the phantom-phase of uj\ < — 1 using the native EoS u)\. How- 
ever, it turned out that the interacting holographic dark energy model could not describe 
a phantom regime of o; A < — 1 when using the effective equation of state u; A [IS]- A key 
of this system is an interaction between two matters. Their contents are changing due to 
energy transfer from holographic energy to CDM until the two components are compara- 
ble. If there exists a source/ sink in the right-hand side of the continuity equation, we must 
be careful to define its EoS. In this case the effective EoS is the only candidate to repre- 
sent the state of the mixture of two components arisen from decaying of the holographic 
energy into CDM. This is different from the non-interacting case which is described by 
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the native EoS. More recently, it was shown that for non-flat universe of k ^ [T7J ITS] , 
the interacting holographic dark energy model could not describe a phantom regime of 
uf < -1 [19]. 

In this work, we wish to address this issue again because the previous works contain a 
few of ambiguous points. We solve two coupled differential equations for density param- 
eters Qjy and f\ numerically. Furthermore, we introduce a general form of interaction Q 
to find the CDM-dominated universe with = at the far past. We confirm that the 
phantom-phase is not found from interacting holographic dark energy models. 



2 Interacting model in non-flat universe 

Let us imagine a universe made of CDM p m with u m = 0, but obeying the holographic 
principle. In addition, we propose that the holographic energy density pa exists with 
loa > —1. If one assumes a form of the interaction Q = Tp\, their continuity equations 
take the forms 



p A + 3H(1 + ^a)pa 
p m + 3Hp m = Q. 



-Q, 



(i) 

(2) 



This shows that the mutual interaction could provide a mechanism to the particle produc- 
tion. Actually, this is a decaying of the holographic energy component into CDM with the 
decay rate T. Taking a ratio of two energy densities as r m = p m / Pa, the above equations 
lead to 

1 + r m r 



r m = 3Hr m u A H - — (3) 

L r m 3H J 

which means that the evolution of the ratio depends on the explicit form of interaction. 
Even if one starts with u m = and ua = —1, this process is necessarily accompanied by 
the different equations of state tu^f and u; A ff . The decaying process impacts their equations 
of state and particularly, it induces the negative effective EoS of CDM. Interestingly, an 
accelerating phase could arise from a large effective non-equilibrium pressure II m defined 
as Il m = —Tp\/3H(= — LTa). Then the two equations (ED) and (T5]) are translated into 
those of the two dissipatively imperfect fluids 



r r 

p A + 3H 1 + to A + — 
L on 



p m + 3H 



1 



i r 



r m 3H 



Pa = Pa + 3-H"[(l + lo a )pa + n A 
i = Pm + 3H(p ia + n m ) = 0. 



0. 



(4) 
(5) 
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The positivity of IIa > shows a decaying of holographic energy density via the cosmic 
frictional force, while II m < induces a production of the mixture via the cosmic anti- 
frictional force simultaneously [201 I2TJ . This is a sort of the vacuum decay process to 
generate a particle production within the two-fluid model [22]. As a result, a mixture of 
two components will be created. From Eqs. (j5j) and (jSJ), turning on the interaction term, 
we define their effective equations of state as 



u A 



uJ 



eff 



i r 

r m 3H 



(6) 



In this work, we choose the general decay rate of T — 3b 2 (l + r m ) n H with the coupling 
constant b 2 and n < 1 |23j. For n > 1, u\ s diverges for small while for n < 1, one 
finds = for Q A = which is better in agreement with the data. On the other hand, 
the first Friedmann equation for k ^ is given by 



H 2 



in 



3M 2 



Pa + Pm 



k 



(7) 



Differentiating Eq.([7j) with respect to the cosmic time t and then using Eqs.flTJ and 
one finds the second Friedmann equation as 



H = --H 2 
2 



1 



1 k r 
2^ 



1 



3u; A 



which is useful to study the evolution when choosing La 
parameters 



3M 2 H 2 ' 



3M 2 H 2 



\/H. Let us introduce density 
k 



a 2 H 2 



(9) 



which allow to rewrite the first Friedmann equation as 



f2 m + ^a = 1 + 



(10) 



Then we can express r m and = p\j p A in terms of ^a and ilk as 



1 - Q A + Q k 



3 Non-flat universe with the future event horizon 



In the case of p A with Hubble horizon (La = 1/ H) , we always have a fixed ratio r m of two 
energy densities. This provides the same negative EoS for both two components [HI [21] . 
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For a null geodesic, we introduce the future event horizon L A = -Rfh = a XFu(t) = a XFii(t) 
with [21] 

r°° dt 

XFH{t) 



t a 



Here the comoving horizon size is given by 
k ,.\ f r(t) dr 



sinn 



k\r(t) 



12) 



(13) 



where leads to Xfh 1 ^) = s ^ n lr W> Xfh°W = r W> an d Xfh = s i nri lr W- For our 
purpose, we obtain the comoving radial coordinate r(t), 



r(t) 



sum 



The definition of L\ = ar(t) is useful for non-flat universe [17] . which leads to 



HL\ + ar 



Oh 



cosm/, 



(14) 



(15) 



where cosny = cosy for k = 1, y for k = 0, and coshy for k = — 1 with y = J\k\Rp}i/a. 



Using Eq. (fT4l) together with L A = ar(t), we rewrite it as cosm/ = J 1 — c 2 ^ in terms of 
Q k and Q A [27] . 

Using the definition of pa and ( fl~5l) . one finds the equation of state 



PA + 3H 



1 - 



-cosny 



PA = 0. 



From Eqs. 



3 3c 

and ffTol) . we find the effective equation of state 



U>f (X) = - 



-cosm/. 



3 3c 

On the other hand, the effective equation of state for CDM is given differently by 

b 2 a + n k ) n 



(16) 



(17) 



(i - n A + a 



Now we are in a position to derive two coupled equations whose solutions determine the 
effective equations of state. Eq.© leads to one differential equation for ^a 

dO A 



dx 



-30 A (1 -tt A + tt k ) [uo 



+ ^ k ^A(l + 3a; 



(19) 



definitely, L\ = ax| H (i) is the proper distance, while L\ = ar(t) is the radius of the event horizon 
measured on the surface of the horizon to define the proper surface area |25[ 126] . In this work, we choose 
La = ar(t) to define the IR cutoff for non-flat universe. 
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Figure 1: (color online) For b 2 = 0.2 and c = 1, k = 1 evolution of Qa (black) and £\ 
(red) and the effective equations of state, (green) and ui e ^ (blue). Here x = In a moves 
backward (— ) or forward (+) with the present time x = 0(a = 1). The left picture is for 
an interaction of n = 1 and the right picture is for n = 1/2. 



with x = In a. The other differential equation for £\ comes from the derivative of in 
Eq.flTTT) using Eq.flTDJ as 

^ = _ 3fik (i _ n A + fik )(^ff _ ^ + fik ( x + a ) (i + 3a; eff) (20) 

At this point, we compare our equations of ([8]), f|T9|) and (T2QT) with those in [18]. Using 
dflk/dx = f2k(l + ^k) + 3£\^a^a, these correspond to (5), (6), and (8) in [18], respectively. 
Hence our model is the same as in [18]. In the case of £\ = 0, equation ffl6|) leads to 
the well-known form in [23] • From Eqs. ([TBI) and (TSUI) , we find a future fixed point of 
Q\ which satisfies u'f = cu^f and i\ = 0. If one drops off the interaction (r = b 2 = 0), 
the dark energy evolution for a flat universe of k = usually proceeds from the past 
fixed point Q\ = to the other future point fl\ = 1. If the interaction is turned on, Q\ 
approaches a fixed asymptotic value less than 1 for large time. 

In order to obtain solution, we have to solve the above coupled equations numerically 
by considering the initial condition at present time§: ^~\ x=0 > 0, = 0.72, Q® =1 = 
o.oi/ng =0 = 0.0/^ = _ 1 = -0.01. 

2 Here we use the data from the combination of WMAP3 plus the HST key project constraint on 

H ®. 
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Figure 2: (color online) For b 2 = 0.2 and c = 1, = evolution of f2 A (black) and 
the effective equations of state, (green) and u; A ff (blue). The left picture is for an 
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Figure 3: (color online) For b 2 = 0.2 and c = 1, k = —1 evolution of f2 A (black) and £\ 
(red) and the effective equations of state, tc^f (green) and u; A ff (blue). The left picture is 
for an interaction of n = 1 and the right picture is for n = 1/2. 

4 Discussions 



The noninteracting picture with L A = i?pH has the natural tendency such that a ratio 
r m of two densities p m and p A decreases as the universe evolves [8]. In this case the 
energy-momentum conservation is required for each matter separately. Also the natural 
tendency holds even for the case including an interaction between the holographic dark 
energy and CDM [To]. They used the native EoS uo^ to show that p A can describe the 
phantom regime. However, we have to use the effective EoS u; A ff in the presence of the 
interaction. As are shown in Figs. 1, 2, and 3, two effective equations of state start 
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Figure 4: (color online) For b 2 = 0.001 and c = 1, k = evolution of Q\ (black) and 
the effective equations of state, (green) and u; A ff (blue). The left picture is for an 
interaction of n = 1 and the right picture is for n = 1/2. 

differently. However, two effective equations of state will take the same negative value 
which is greater than —1 in the far future. Also this value could be estimated from the 
future fixed point. 

The vacuum decay picture is still alive even for a dynamical evolution in the interacting 
holographic dark energy model. This implies that one cannot generate a phantom-like 
mixture of u; A < — 1 from an interaction between the holographic dark energy and CDM. 
In other words, decaying from the holographic dark energy into the CDM never leads 
to the phantom regime. Figs. 1, 2, and 3 show clearly that the density parameter Q\ 
approaches 0.78 with b 2 = 0.2 and c = 1, irrespective of the curvature constant k and the 
interaction n. Furthermore, at f2 A = 0, one recognizes the changes from u^f = —0.2 for 
n = 1 to tu^f = for n = 1/2. This implies that a decay rate of V — 3b 2 \/l + r m H leads 
to the CDM-dominated universe with = at the far past. We note that the effect of 
non-flat universe is trivial because i\ goes to zero for the far past and far future. This 
means that the non-flat universe of k ^ could not induce the phantom phase even one 
includes an interaction between the holographic dark energy and CDM. 

We comment on the fine-tuning and coincidence problems. The holographic energy 
density pa could resolve the fine-tuning problem because taking La = l p = 1/M P leads to 
the cosmo logical vacuum energy p A oc M*. This means that a small system at planck scale 
provides an upper limit of pa < p A , as is naively expected in quantum field theory. On 
the other hand, as the universe evolves, a larger system will have a smaller energy density. 
This is a consequence of the holography. Thus the holographic principle may reconcile 
the quantum field theory at planck scale with the smallness of the present cosmological 
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vacuum energy density p A oc M 2 Hq = 10 _123 p^. 

Furthermore, the resulting equilibrium between holographic dark energy and CDM 
offers a possible resolution to the cosmic coincidence problem. The cosmic coincidence 
problem states that it is unlikely that the current epoch with sizable amounts of both CDM 
and dark energy coincides with the rapid transition from CDM-domination to dark energy- 
domination. Any interacting holographic models using the future event horizon show the 
decreasing effective equations of state. Considering a decay of the holographic dark energy 
into CDM, we expect to show the changes for k = and n = 1: = 0.0 (Q m = 1.0) 
at the far past; fi A = 0.72 (fi m = 0.28) at present; fi A = 0.78 (tt m = 0.22) at the 
far future. If there is no interaction, one finds the natural tendency for dark energy to 
dominate over CDM as the universe expands: Q\ = 0.0 (Q m = 1.0) at the far past; 
Q\ = 0.72 (Q m = 0.28) at present; Q\ = 1.0 (Q m = 0.0) at the far future. This means 
that the interaction makes the slow transition from CDM-domination to dark energy- 
domination. The natural tendency is compensated by the decay of the holographic dark 
energy into CDM [23]- As is expected from the future fixed point of cj a = u m > t nere 
exist a balance between tendency and decay. Thus we have the effective equation of state 
u; A ff = — 0.92(n = 1) and u; A = — 0.93(n = 1/2) for an equilibrium mixture. 

At this stage, we consider a very weakly coupling of b 2 . According to the interacting 
quintessence models [2H], b 2 corresponds to the parameter Cq AP which must be lower 
than 0.001. In this case, if Cq AP > 0.001, a baryon-dominated universe would develop 
before the dark matter-domination. This would hinder tremendously the formation of 
cosmic structure. In order to see whether this picture is possible to occur within the 
interacting holographic model, we choose b 2 = 0.001. For k = and c = 1 case, we 
observe its evolution from Fig. 4. It shows the nearly same form as in Fig. 2 except 
that u; A ff = — 0.98(n = 1) and o; A ff = — 0.98(n = 1/2) for an equilibrium mixture. This 
means that the nature of holographic interaction is not changed even for a very small 
coupling of b 2 . Therefore, we could not find such a condition of Cq AP in our model. The 
only limitation on b 2 comes from the condition of the natural tendency for dark energy: 
dfl\/dx\ x= o > — > b 2 < &ma X 5 where 6^ ax satisfies dfl\/ dx\ x= o = 0. As an example, we 
have b 2 max = 0.35 for k = 0, c = 1, n = 1, and Q° A = 0.72. 

In addition we have three parameters b 2 ,c,n and observational ranges on f2 A , Q m , J\. 
Hence it suggests that there is a parameter space which may describe a phantom-regime of 
o; A < —1. However, it is easily proved that this is not the case. Requiring the second-law 
of thermodynamics of Sbh = 27t_Rfh-Rfh > leads to the condition of c > y/Tf\cosny . 
On the other hand, the condition for uj^ < —1 with Eq.t fTTj) implies that c < y/Tl\cosny. 
Hence two conditions are not compatible. An important parameter to determine uj^ is c. 
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Actually the interaction (b 2 and n) between holographic dark energy and CDM dose not 
induce a phantom-like matter. 

Finally, we mention the recent observations. A lot of data support on the flat universe. 
Also it would be important to stress on the motivation of considering the non-flat universe 
with the small J\ from CMB experiments [3] 0] and supernova measurements [1] . Our 
results show that the effect of the non-flat universe becomes trivial because f2 k goes to 
zero for the far past and the far future, even the non-flat universe contributes small at 
present. Hence, if the interacting holographic dark energy model is reliable, we anticipate 
that the curvature term S\ does not play an important role for determining the future 
dark energy-dominated universe. 

Consequently, it turned out that the interacting holographic energy density could not 
describe the phantom regim^E 
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